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Lie centre-by-metabelian group algebras over ﬁelds have been classiﬁed by var-
ious authors. This classiﬁcation is extended to group algebras over commutative
rings.  2002 Elsevier Science (USA)
Let G be a group (not necessarily ﬁnite), and let kG be its group algebra
over some commutative ring k (with unit). For subsets XY of kG, we
denote by XY  the k-span of all elements x y = xy − yx with x ∈
X, y ∈ Y . The ﬁrst and second derived Lie ideals of kG are deﬁned as
kG′ = kGkG and kG′′ = kG′ kG′, respectively. We call kG
Lie centre-by-metabelian, if kG kG′′ = 0.
If chark = 0, then, by a general theorem of Passi et al. [4], kG Lie
centre-by-metabelian implies thatG is abelian (see also [9, Theorem V.4.6]).
The classiﬁcation for the case where k is a ﬁeld of characteristic p > 0 is
distributed among several articles by Ku¨lshammer, Sahai, Sharma, Srivas-
tava, and myself [3, 5–8, 10]. The results found there carry over to the
case where k is a ring of prime characteristic p, since p ⊆ k, and 
 
 is
bilinear. Hence we may state
Theorem 1 ([3, 5–8, 10]). Let G be a nonabelian group, and let k be
a commutative ring of prime characteristic p. Then kG is Lie centre-by-
metabelian, if and only if one of the following conditions is satisﬁed:
(i) p = 3, and G′ = 3.
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(ii) p = 2, and G′ ∈ 2 4.
(iii) p = 2, and Z2 × Z2 × Z2 ∼= G′ ⊆ G.
(iv) p = 2, G acts by element inversion on G′ ∼= Z2 × Z4, and
GG′′ ⊆ G′.
(v) p = 2, and G contains an abelian subgroup of index 2.
Our aim is to extend this classiﬁcation to the case of nonprime char-
acteristic q. The idea is to reduce modulo a prime divisor p of q; then
kG/pkG ∼= k/pkG has characteristic p, and we may apply Theo-
rem 1. As an immediate consequence, it sufﬁces to study the case q = 2i3j
i j ≥ 0. The result is as follows:
Theorem 2. Let G be a nonabelian group, and let k be a commuta-
tive ring of positive, nonprime characteristic q. Then kG is Lie centre-by-
metabelian, if and only if one of the following conditions is satisﬁed:
(i) q = 6, G′ = 3, and G has an abelian subgroup of index 2.
(ii) q = 4, expG′ = 2, G′ ≤ 4, and G′ ⊆ G.
(iii) q = 8, and G′ = 2.
We use the following notation: Group commutators will be denoted by
a b = aba−1b−1, to distinguish them from Lie brackets. Conjugation is
written as ab = aba−1. The sum over all elements of a ﬁnite subset X of
kG is expressed by X+. If the integer n divides the integer m, we write
n  m.
The following lemma, which helps in dealing with part (v) of Theorem 1,
is quoted from [7]; since its proof is so short, it shall be included as well:
Lemma 3. A group G that contains an abelian subgroup A of index 2 acts
on its commutator subgroup G′ by element inversion.
Proof. Let g ∈ G, a ∈ A. Then G′ = gA, g2 ∈ A, and 1 = g2 a =
gg ag a.
We now start the proof of Theorem 2 by showing that q = 6 is the only
interesting nonprime characteristic which is not a power of 2:
Lemma 4. Let G be a group, and let k be a commutative ring of charac-
teristic q. Suppose that 3  q and q > 6. If kG is Lie centre-by-metabelian,
then G is abelian.
Proof. Suppose, for contradiction, that G is nonabelian. Since k/3kG
is a Lie centre-by-metabelian group algebra of characteristic 3, Theorem 1
implies that G′ = 3. We choose g h ∈ G such that x = g h has order 3.
If x ∈ G, then kG′′h − gh g − hg = 1 − xh 1 − x2g =
1 − x1 − x2h g = 1 − x1 − x21 − xhg = 31 − xhg, and so
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0 = h 31 − xhg = 31 − xhh g = 31 − xh1 − xhg = 3 − 6x +
3x2h2g = 0, contradiction.
Hence x /∈ G. Then there is an element a ∈ G with ax = x2. Consider
kG′′x− ax xa− axa = x− x2 1− xxa = x1− xx− x2 a =
x1 − xx − x2 − x2 + xa = 2x1 − x2a. Then 0 = x 2x1 − x2a =
2x1− x2x a = 2x1− x3xa = 21− 3x+ 3x2 − 1x2a = 6−1+ xa =
0, contradiction.
So let us examine the case of characteristic 6. It is easily seen to be
exactly the “intersection” of the cases of characteristics 2 and 3:
Lemma 5. Let G be a nonabelian group, and let k be a commutative ring
of characteristic q = 6. Then kG is Lie centre-by-metabelian, if and only if
G′ = 3 and G has an abelian subgroup of index 2.
Example. G = S3.
Proof. Set L = kG kG′′, and argue as follows: kG is Lie centre-
by-metabelian ⇐⇒ L = 0 ⇐⇒ L ⊆ 6kG ⇐⇒ L ⊆ 3kG ∩ 2kG ⇐⇒ both
kG/3kG and kG/2kG are Lie centre-by-metabelian algebras ⇐⇒ both
k/3kG and k/2kG are Lie centre-by-metabelian group algebras. The
claim now follows from Theorem 1.
We are left with the case where q = chark is a power of 2. Before we
study this in detail, let us make the following observations:
For any subgroup H of G, let ωkH = 1− h  h ∈ HkH = kH 1−
h h ∈ H denote the augmentation ideal of kH. Then ωkG′kG =
kGωkG′ is the kernel of the canonical epimorphism kG → kG/G′.
Since kG/G′ is commutative, it follows that kG′ ⊆ ωkG′kG. Obvi-
ously, ωkG′n kG is the ideal of kG generated by all elements of the form
1− x1 
 
 
 1− xn with x1 
 
 
  xn in G′.
For any involution x ∈ G, one has 1− x2 = 1− 2x+ x2 = 21− x in
G (and therefore also in kG). By induction, 1− xn = 2n−11− x.
Lemma 6. Let k be a commutative ring of characteristic q = 4, and let G
be a nonabelian group. Then kG is Lie centre-by-metabelian, if and only if
expG′ = 2, G′ ≤ 4, and G′ ⊆ G.
Proof. If: Suppose that expG′ = 2, G′ ≤ 4, and G′ ⊆ G.
Then ωkG′ ⊆ kG, and it follows that kG kG′ kG′ ⊆
kG ωkG′kG ωkG′kG = ωkG′2 kG kGkG = ωkG′2
kG kG′ ⊆ ωkG′2 kG ωkG′kG = ωkG′3 kGkG ⊆ ωkG′4
kG.
If a b c d ∈ G′ \ 1, then w.l.o.g. a = b, and therefore 1 − a1 −
b1 − c1 − d = 1 − a21 − b1 − c = 21 + a1 + b1 + c = 0.
Hence ωkG′4 = 0, and kG is Lie centre-by-metabelian.
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Only if: Suppose that kG is Lie centre-by-metabelian. Then k/2kG is
Lie centre-by-metabelian, so one of the cases (ii)–(v) in Theorem 1 holds.
We ﬁrst claim that expG′  4. In the cases (ii)–(iv), we are done. So
assume that (v) is true, and let A be an abelian subgroup of index 2 in
G. Let x ∈ G′, and let a ∈ G \A. By Lemma 3, ax = x−1. Then x a =
a x−1 = x2, and so kG′′  x − ax a − xa = x − x−1 1 − x2a =
1− x2x− x−1 − x−1 − xa = 21− x2x− x−1a = τ. Since 2 = −2,
we ﬁnd that τ = 21 + x2x + x−1a = 2x−1x4 + 1a. Then 0 = x τ =
2x−1x4 + 1x a = 2x−1x4 + 1x2 + 1ax = 2x−11 + x2 + x4 + x6ax.
This shows that x4 = 1 and proves the claim.
Assume now that there are g h ∈ G such that x = h g has order 4.
If x ∈ G, then kG′′  g − hg h− gh = 1− xg 1− x3h = 1−
x1− x3g h = 1− x21− x3gh = τ, and 0 = h τ = 1 − x21−
x3h gh = 1− x21− x3x− 1gh2 = 21+ x− x2 − x3gh2 = 21+
x+ x2 + x3gh2 = 0, contradiction.
Hence x /∈ G. Then G acts by element inversion on G′ (cf. Theorem 1
and Lemma 3). So if we set C = GG′, then G C = 2, and G =
aC for a ∈ G \ C. Moreover, C ′ ⊆ G ∩G′ (this follows from Witt’s
identity [2, Satz III.1.4]), and therefore expC ′ ≤ 2 (since G inverts G′).
Now G′ = aCC ′, so there must be an element c ∈ C such that a c has
order 4; w.l.o.g. a c = x. Then c − ac a− ca = 1− xc 1− x3a =
1 − x31 − xca − 1 − x3ac = 1 − x31 − x − 1 − x3xca = 1 −
x321− xca = 21+ x31+ xca = 2x+ x3ca = τ, since 2 = −2. We
obtain the following contradiction: 0 = c τ = 2x + x3cc a = 2x +
x3c1+ xca = 2x+c2a = 0.
This shows that expG′ = 2. By Theorem 1 and Lemma 3, G′ ≤ 4, or
G′ ⊆ G.
Assume that G′G. Then G′ ∼= V4 by the preceding statement. Then
G/GG′ is isomorphic to a nontrivial abelian subgroup of AutG′ ∼= S3.
So if we write G′ = x y, we may assume that the conjugation action of
G on G′ either switches x and y, or cycles through x y xy.
In the ﬁrst case, there is an element a ∈ G such that ax = y, ay = x. Then
C ′ ⊆ G′ ∩ G = xy. Therefore, G′ = aCC ′ = aCxy. Since
xy < G′ = xy x, we may assume that x = a c for some c ∈ C. Then
c − ac a− ca = 1− xc 1− xa = 1− x1− xca− 1− yac =
1 − x1 − x − 1 − yxca = 1 − x1 − 2x + xyca = 1 − x−1 +
xyca = τ, since −2x1 − x = 21 − x. It follows that 0 = x−τ =
1− x1− xycx a = c1− x1− xy2xa = 1− x1− 2xy + 1cxa =
21+ x1+ xycxa = 2G′+ca = 0, contradiction.
Assume now that there is an element a ∈ G such that ax = y, ay = xy
(and, consequently, axy = x). Then a similar computation as above shows
that kG kG′′ x x− ax a− xa = 2G′+a = 0, contradiction.
This shows that G′ ⊆ G.
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Suppose now, for contradiction, that G′ ≥ 8. If there are elements
g h k l ∈ G such that g h g k h l ≥ 8, then a calculation (in
the familiar manner) yields the contradiction 0 = g g − kg h − lh =
2G′+g2h = 0. So to ﬁnish our proof, it sufﬁces to show that there indeed
are such elements.
If gG ≥ 8 for some g ∈ G, let h k l ∈ G with g h g k,
g l = 8; then g hgi g k hgi l ≥ 8 for some i ∈ 0 1, and
we found the desired elements.
So we may suppose that gG ≤ 4 for all g ∈ G.
We claim that there is an element t ∈ G with tG = 4. For this, let
g h ∈ G be noncommuting elements, and assume that gG = g h =
hG. Choose r s ∈ G such that g h and r s are independent commu-
tators. Then g r = g h, or g r = 1 and hence g hr = g hg r =
g h. Moreover, both r s and hr s = h sr s are not contained in
g h. So g r r s = 4 or g hr hr s = 4. This proves the
claim.
Now we can choose g h k ∈ G such that g h g k = 4. Then
there are r s ∈ G with r s /∈ g h g k. If t runs through the three
elements h r hr, then g t is at least twice not contained in g k, and
s t is at least twice not contained in gG ∼= V4. Hence we may choose
t ∈ h r hr such that g t g k t s = 8, and we are done.
Lemma 7. Let k be a commutative ring of characteristic q = 8, and let G
be a nonabelian group. Then kG is Lie centre-by-metabelian, if and only if
G′ = 2.
Proof. If: Assume that G′ = 2, and write G′ = x. Then ωkG′kG =
1 − xkG, and ωkG′4 kG = 1 − x4 kG = 81 − xkG = 0. Similarly
as in the proof of Lemma 6, one shows that kG kG′′ ⊆ ωkG′4 kG.
Only if: Suppose that kG is Lie centre-by-metabelian. Then Lemma 6
implies that expG′ = 2, G′ ≤ 4, and G′ ⊆ G.
We assume that G′ ∼= V4. With similar arguments as in the proof of
Lemma 6, we ﬁnd elements g h k ∈ G such that x = g h and y =
g k are independent commutators. Then 0 = k gh−1 − hgh−1 h −
gh = 1− x2 k gh−1 h = 1− x3 k gh−1h = 41− x1− ykg =
0, contradiction.
Lemma 8. Let k be a commutative ring of characteristic q = 2n, n ≥ 4,
and let G be a nonabelian group. Then kG is not Lie centre-by-metabelian.
Proof. Suppose, for contradiction, that kG is Lie centre-by-metabelian.
Then G′ = 2 by Lemma 7. Let g h ∈ G such that x = g h = 1. Then
0 = g h− gh g − hg = 1− x4g2h = 81− xg2h = 0, contradiction.
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